
Hierarchical transport networks optimizing dynamic response
of permeable energy-storage materials

Robert H. Nilson and Stewart K. Griffiths
Physical and Engineering Sciences Center, Sandia National Laboratories, P.O. Box 969, Livermore, California 94550, USA

�Received 16 April 2009; published 17 July 2009�

Channel widths and spacing in latticelike hierarchical transport networks are optimized to achieve maximum
extraction of gas or electrical charge from nanoporous energy-storage materials during charge and discharge
cycles of specified duration. To address a range of physics, the effective transport diffusivity is taken to vary
as a power, m, of channel width. Optimal channel widths and spacing in all levels of the hierarchy are found
to increase in a power-law manner with normalized system size, facilitating the derivation of closed-form
approximations for the optimal dimensions. Characteristic response times and ratios of channel width to
spacing are both shown to vary by the factor 2 /m between successive levels of any optimal hierarchy. This
leads to fractal-like self-similar geometry, but only for m=2. For this case of quadratic dependence of diffu-
sivity on channel width, the introduction of transport channels permits increases in system size on the order of
104, 108, and 1010, without any reduction in extraction efficiency, for hierarchies having 1, 2 and, 8 levels,
respectively. However, we also find that for a given system size there is an optimum number of hierarchical
levels that maximizes extraction efficiency.
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I. INTRODUCTION

Previous studies aimed at optimizing transport in hierar-
chical networks have addressed steady flow in branching net-
works like those occurring naturally in vascular systems �1�,
leaf veins, and river drainage basins �2�. The same physics
are operative in branching networks that supply water, gas,
and electricity to industrial societies and in engineered ma-
terials intended to provide optimal heat extraction �3�, fluid
distribution �3�, or catalysis �4�. These networks are typically
constructed in a manner that minimizes the work required to
supply a system of given size subject to constraints on the
volume of circulating fluid or the cost of materials needed to
construct the network. Prior studies of this optimization
problem have identified fractal relationships between chan-
nel sizes and lengths in different levels of the hierarchy and
explained how these features scale with system size �1–6�.

In contrast to these earlier studies of steady-state trans-
port, the present paper addresses the transient response of
hierarchical channel networks that facilitate rapid charge and
discharge of nanoporous materials intended for storage of
gas or electric charge. Networks optimized for such transient
processes differ from their steady counterparts because the
transient case is characterized by a time for transport along
channels that varies with the square of channel length,
whereas the steady case is characterized by a resistance to
flow that varies just linearly with length.

The topology of the latticelike networks addressed here
and in one earlier study �7� also differs from that of previ-
ously studied treelike structures that connect a centrally lo-
cated point source to its surroundings. The alternative pur-
pose of the latticelike network architecture in Fig. 1 is to
connect the interior of a permeable storage reservoir to one
or more of its boundaries. Networks having this type of con-
nectivity can now be engineered into nanoporous materials
using fabrication processes that produce multiple scales of
porosity by phase segregation, templating, self-assembly, and
multiscale aggregation processes �8�.

Here we determine the channel sizes, spacing, and order
of hierarchy that yield maximum extraction of gas or electric
charge from a permeable material of fixed total volume dur-
ing periodic charge/discharge cycles having prescribed pe-
riod. High storage densities are best achieved in molecular
scale nanopores that provide very large surface areas and
functionality unavailable in larger channels. However, these
small pores also tend to inhibit long-range transport because
effective transport diffusivities generally decrease with de-
creasing pore size. The introduction of wider transport chan-
nels helps to shorten response time, but it also consumes a
portion of the volume that would otherwise be available for
high-capacity nanopore storage. Thus, optimization is needed
to balance the opposing goals of large system capacity and
rapid response.

II. GOVERNING EQUATIONS

In the idealized geometry of Fig. 1, the smallest pores
have width a0, center-to-center spacing b0, bulk porosity
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FIG. 1. Latticelike network having nanoscale storage pores and
two levels of transport channels, N=2.
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�0=a0 /b0, pore length b1, and diffusion coefficient D0.
These nanopores are connected to an orthogonal network of
wider and sparser channels having width and spacing a1 and
b1, porosity �1=a1 /b1, diffusivity D1, and so on. Hierarchies
of higher order are constructed by recursive introduction of
additional channels, each orthogonal to those of the preced-
ing level. All channels are assumed to be planar slits.

Gas flow or ion transport within each of the smallest pores
can generally be described by an equation of the form �9–15�

�0
��

�t
= D0

�2�

�x0
2 , �1�

where � is the density of gas molecules or ions, t is time, x0
is distance from pore ends, and D0 is an effective diffusion
coefficient. The capacitance �0 is typically unity for gas
transport in large pores, but it may take larger values to ac-
count for surface capacitance in electrochemical capacitors
or surface adsorption in gas storage materials. In these appli-
cations, fluid or ion densities in molecular layers adjacent to
pore walls may be several orders greater than those in pore
centers �13–17�. As a result, the effective capacitance in Eq.
�1� is roughly proportional to the wetted perimeter divided
by the cross-sectional area, i.e., �0�2 /a0. Distinct from the
diffusion coefficient, D0, the effective diffusivity is defined
as �0=D0 /�0.

Transport coefficients are fairly well known for a number
of important applications. In viscous flow, D0=a0

2P0 /12�
where P0 and � are the mean pressure and viscosity �9–11�.
However, when pore widths are small compared to the mean
free path, 	, the appropriate diffusion coefficient is given by
the Knudsen expression, D0�
a0, in which 
= �8kT /�m�1/2

is the mean thermal speed. The constant of proportionality in
this expression for D0 is simply 1/3 for a circular channel but
varies as ln�	 /a0� /�8 for slitlike pores �9–11�. Furthermore,
in very small pores measuring only one or two molecular
diameters an even slower regime of gas diffusion has been
identified by Jepps et al. �12�.

Ion transport within porous electrodes of capacitors and
batteries is also governed by Eq. �1�. Here, the flux of ions
results mainly from electromigration driven by gradients of
the electric potential �13–15�. Thus, the ionic conductivity
�1 /� cm� of the electrolyte is the operative diffusion coeffi-
cient, D0. Further, since the surface charge density is propor-
tional to the electric potential, �0�2C /a0 where C is the
surface capacitance �F /cm2� and 2 /a0 is the ratio of pore
surface area to pore volume. Thus, the diffusivity, �0
=D0 /�0, tends to increase linearly with pore size �14,15�. In
addition, the diffusivity in small pores may increase with
increasing pore size due to mitigation of hindrance effects
that occur when pore sizes are comparable to the sizes of
hydrated ions �18�.

Transport along the second and higher levels of the net-
work �k
0� is governed by an equation that resembles Eq.
�1� but also includes lateral transport between these channels
and the smaller channels of the preceding level.

�k
��

�t
= Dk

�2�

�xk
2 +

2

ak

ak−1

bk−1
Dk−1� ��

�xk−1
�

xk−1=0
. �2�

Here, xk is measured from the channel ends and the factor of
2 /ak in the last term is the ratio of surface area to cross-
sectional area for a slit. In addition, the lateral diffusion flux
in the last term of Eq. �2� is multiplied by the ratio ak−1 /bk−1
representing the fraction of the channel wall area receiving
lateral transport. This continuous approximation of discrete
lateral fluxes is well justified because lateral channel spacing,
bk−1, is typically much smaller than the channel length, bk+1.

To approximate the discharge/recharge cycle of a storage
material we seek solutions of a form appropriate for a sinu-
soidal variation in the external density having period 1 /�,
amplitude ��, and mean density �r.

�� =
� − �r

��
= ei�t�0

��x0
���1

��x1
���2

��x2
�� ¯ �N

� �xN
� � . �3�

Here, �0
��x0

�� describes the variation in �� along the smallest
pores; successive �k

��xk
�� represent variation along the kth set

of transport channels, xk
�=2xk /bk+1, and N is the order of the

hierarchy. Substitution of this expansion into Eqs. �1� and �2�
yields a sequence of ordinary differential equations for
�k

��xk
��, all having the same basic form,

i�̂k
2�k

� =
d2�k

�

dxk
�2 . �4�

The boundary conditions are also the same for all levels:
�k

�=1 at channel entrances where xk
�=0, and the symmetry

condition d�k
� /dxk

�=0 is applicable at channel midplanes
where xk

�=1. Thus, the same general solution is applicable to
all levels of the hierarchy except that the value of the param-

eter �̂k differs in a recursive fashion from one level to the
next.

�k
� =

cosh �̂k
�i�1 − xk

��

cosh �̂k
�i

. �5�

For the smallest scale pores �k=0�, the balance between ca-
pacitance and diffusion terms in Eq. �1� leads to a very

simple and familiar expression for �̂0.

�̂0 = �0 =
b1

2
� �

�0
. �6�

However, for the higher order terms �k
0�, variations in the
diffusion flux are balanced by capacitance and by lateral
fluxes from the intersecting channels of the next smaller size.
As seen below in Eq. �7�, this introduces a new contribution

to �̂k that is proportional to the density gradient in the next

smaller channels, −�̂k−1
�i tanh��̂k−1

�i�, as evaluated from
Eq. �5� at the channel intersection, xk−1

� =0.

�̂k = �k�1 +
�k−1

�k

�k−1

�k
	 �̂k−1

�k−1

2

tanh �̂k−1
�i

�̂k−1
�i

�1/2

for k 
 0,

�7�

where
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�k =
bk+1

2
� �

�k
= bk+1

� 	�0

�k

1/2

= bk+1
� 	 a0

�

a
k
*
m/2

. �8�

Here, i=�−1, �k=ak /bk=ak
� /bk

�, and ak
� and bk

� have been
normalized by the length scale �4�0 /��1/2.

ak
� =

ak

2
� �

�0
bk

� =
bk

2
� �

�0
L� =

L

2
� �

�0
. �9�

The squares of the Fourier moduli, �k
2, represent ratios of

dynamic response time, bk+1
2 /�k, to cycle time, 1 /�, appli-

cable to kth level pores in the absence of lateral losses into

pore walls. The �̂k
2’s are normalized response times that ac-

count for lateral losses. These expressions entail bk+1 because
this is the length of the kth level channels; bk+1 is also the
channel spacing for the k+1 level. Note that �N is based on
the overall size of the medium, L=bN+1.

The exponent m appearing in Eq. �8� describes the varia-
tion in effective diffusivity, �k, with channel width, ak

�. Thus,
m=2 for a viscous gas flow, m=1 for free molecular flow,
and m=0 for simple diffusion or electromigration. However,
since the surface to volume ratio in rectangular slits is 2 /ak,
these exponents increase by unity in cases where channel
capacitance is associated mainly with channel surface area,
rather than channel volume. Thus, our example calculations
will focus on the range 1�m�3. We exclude m=0, because
in this case wider transport channels provide no benefit �7�.
Also, we assume for simplicity that m is constant across all
levels of the hierarchy.

The pore structure is optimized using a simplex algorithm
to determine values of ak

� and bk
� that maximize periodic

inflow/outflow from the smallest pores subject to a given
system volume. Maximizing periodic flow is equivalent to
maximizing the amplitude of the sinusoidal variation in the
mean density within the nanopores, ���̄0

��. This quantity is
readily evaluated by spatial integration of the solution given
by Eqs. �3� and �5�–�8� over the nanopore volume. Integrat-
ing in sequence over each of the xk

� we obtain

���̄0
�� = �
 


0

1

. . .

0

1 ��
k=0

N

�k
��xk

���dx0
�dx1

� . . . dxN
��

= ��
k=0

N
tanh �̂k

�i

�̂k
�i

� . �10�

Here, the vertical bars indicate the amplitudes of the en-
closed complex numbers and so represent half of the peak to
valley variation in the mean nanopore density. We take credit
only for density changes within the nanopores because they
provide functionality unavailable in larger pores and they
generally account for an overwhelming majority of the pore
volume and surface area. Thus, the optimization criterion, �,
is taken as the product of ���̄0

�� with the ratio the volume
containing nanopores to the total system volume.

� = ���̄0
��

Vnanopores

Vtotal
. �11�

The volume ratio appearing here can be calculated by noting
that a unit volume containing nanopores is augmented at the

first level by an incremental volume, �1=a1 /b1, and that this
block of composite volume �1+�1� is augmented at the sec-
ond level by an incremental volume �2�1+�1�, and so on to
arrive at the expression

Vnanopores

Vtotal
=

1

�1 + �1� + �2�1 + �1� + �3�1 + �1��1 + �2� + ¯

.

�12�

The nanopore porosity, �0, and capacitance, �0, need not be
included in the numerator of this expression because they are
constants for nanopores of fixed size and so do not influence
the optimization. By omitting these constants, we ensure that
the object function, �, will have a maximum value of unity
when two conditions are met: the density within the nano-
pores closely tracks the applied external density variation
�i.e., ���̄0

��→1�, and the volume lost to transport channels is
negligible �i.e., �k=ak

� /bk
�→0 for all k
0�. Note that in-

creases in a1
� or decreases in b1

� help to increase the term
���̄0

�� in the numerator of Eq. �11� but these variations also
tend to increase the denominator. As a result, � has a maxi-
mum value for optimal choices of a1

� and b1
�.

III. RESULTS

In all of the examples presented here, the geometry of
the nanopores is given as a0

�=a0�� /4�0�1/2=10−5 and �0
=b0 /a0=0.3. We begin by exploring cases where all of the
capacitance parameters, �k, are unity, turning later to ex-
amples where �0�1. Figure 2�a� illustrates the variation in
the optimal ak

� and bk
� with the normalized size of the storage

medium L�=L�� /4�0�1/2 for m=2 and N=4. The nearly con-
stant slopes indicate power-law variations in channel dimen-
sions with system scale,

ak
� = AkL

�pk and bk
� = BkL

�qk. �13�

These powers pk and qk, remain remarkably constant over
many decades.

The spacing b1
� between first-level transport channels in-

creases very little with L� indicating that q1�1, particularly
when N is large. This is because b1

� also represents the nor-
malized length of the nanopores having fixed widths a0

�.
Thus, increases in b1

� must necessarily cause a corresponding

increase in the response time �̂0
2 and the density drop ��0

within this scale. In contrast, larger scales all benefit from
increases in optimal channel widths with increasing L�, help-
ing to offset the adverse affect of increased channel length.

As seen in Fig. 2�b�, the porosities, �k=ak /bk, associated
with individual levels of a hierarchy all increase with nor-
malized system scale, L�, indicating that optimal channel
widths are increasing faster than optimal channel spacing.
The �k have a power-law dependence on L�, consistent with
the linearity of ak

� and bk
� on the previous log-log plots. How-

ever, it is somewhat surprising to see that all of the �k in a
hierarchy have the same slope. More surprising yet, the ra-
tios of porosity between successive levels, �k+1 /�k, appear
to have roughly the same value between all levels of a hier-
archy. Moreover, for the special case of m=2 all levels have
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the same porosity. For m
2, porosity is greater at higher
levels �i.e., large scales�, and the converse is true for m�2.

The normalized response times, �̂k
2, plotted in Fig. 2�c�

share many of the features seen in the preceding plot of
porosities. Again, the logarithmic slopes are roughly the
same for all levels of a hierarchy and the slopes are nearly
constant over the full range of L�. This power-law behavior
suggests that the hyperbolic tangent functions appearing in

�̂k can be well approximated by a one term expansion, an
observation we will later exploit. In addition, response times

of successive levels, �̂k+1
2 and �̂k

2, always have the same ratio,
provided that L� is not too large. As seen earlier for porosi-

ties, the �̂k are identical for all scales of a hierarchy when
m=2, indicating that all levels have the same response time
and that all scales have the same density drop, ��k. For other
values of m, optimal systems have different response times at
different levels, which is perhaps somewhat counterintuitive.

A. Ratios of response times and porosities between levels

The observed ratios of �̂k
2 between hierarchal levels can be

explained by an approximate analysis applicable in the limit
where L� is relatively small, such that �k��0 and

tanh �̂k / �̂k�1. In this limit, it follows from Eqs. �7� and �8�
that

�̂k � �k	�0�0

�k�k

1/2

=
bk+1

� bk
�1/2

ak
��1+m�/2 	a0

�m�0�0

�k

1/2

. �14�

The first of these equalities indicates that all levels of the
hierarchy respond as though their capacitance is increased by
a factor of �0�0 /�k�k, relative to that of a channel having no
lateral losses. This is because each level must carry all of the
flow coming to or from the primary capacitance, �0�0, that
resides within the nanopores. Secondary capacitance within
the transport channels �k
0� is negligible when �k��0.
Based on the linearity observed in Fig. 2�c�, we make the
approximation

tanh �̂k
�i

�̂k
�i

� 1 −
i

3
�̂k

2 �15�

so that derivatives of this quantity with respect to �̂k are

proportional to �̂k. Further noting that all of the �̂k appear

symmetrically in ���̄0�, we can write that ����̄0� /��̂k

�−��̂k where a single value of � is applicable for all k.
The optimum transport efficiency, �, can now be deter-

mined by differentiation of Eq. �11� with respect to ak
� and bk

�

and setting these results to zero.

��

�ak
� =

� ���̄0�

��̂k

��̂k

�ak
�

1

�1 + ��k�
−

1

�1 + ��k�2

��k

�ak
� = 0.

�16�

The derivatives are then expanded using Eqs. �14� and �15�
and the relation �k=ak

� /bk
� to obtain

��

�ak
� = �	m + 1

2

�̂k
2

ak
�
 −

1

bk
�

1

�1 + ��k�
= 0. �17�

Analogous differentiation with respect to bk
� yields one addi-

tional term because �̂k and �̂k−1 both depend upon bk
�, as

apparent in Eq. �14�.

��

�bk
� = − �	 �̂k

2

2bk
� +

�̂k−1
2

bk
� 
 +

�k

bk
�

1

�1 + ��k�
= 0. �18�

The two preceding equations yield a pair of interesting
insights. First, elimination of � between them provides the
following relationship between time constants of successive
levels.

�̂k+1
2

�̂k
2

=
�̂k

2

�̂k−1
2

=
2

m
. �19�

Further, using Eq. �17� by itself one can readily relate �k to

�̂k
2.
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FIG. 2. Channel parameters versus scaled system size: �a� scaled channel widths and spacing, �b� porosity, and �c� scaled response
times.
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�k = �̂k
2	m + 1

2

��1 + � �k� . �20�

Substitution of this result into Eq. �19� yields the ratio of
porosities between adjacent levels.

�k+1

�k
=

�̂k+1
2

�̂k
2

=
2

m
. �21�

Validity of the preceding relationship between time con-
stants and porosities of successive hierarchical levels is illus-
trated in Fig. 3�a� and 3�b�, respectively. For each value of m,
hierarchies having 2, 4, and 8 levels of transport channels
were optimized. For each hierarchy, we have plotted

��̂2 / �̂1�2 and ��̂3 / �̂2�2 in Fig. 3�a� as a function of normal-
ized system size, L�. Similarly, Fig. 3�b� displays �2 /�1 and
�3 /�2, with the latter included only for N
2. It is seen that
the results for m=2 and m=3 closely conform to the analyti-
cal approximations in Eqs. �19�–�21�. The results for m=1
appear to be converging toward the expected behavior as L�

becomes smaller but never reach good agreement. This is
because the benefits of additional channels are less dramatic
for smaller vales of m, making it more difficult to satisfy the
approximations made in the asymptotic analysis �e.g.,

tan �̂k / �̂k�1�. Consistent with this explanation, the numeri-
cal results move toward the analytical approximation as the
number of levels in the hierarchy is increased from 2 to 8.

B. Exponents describing variation in ak
� and bk

� with L�

Another remarkable feature of these optimized networks
is that the exponents, pk and qk, describing the variation in ak

�

and bk
� with L� have ratios, pk /qk, that are independent of the

number, N, of levels in a hierarchy. This is illustrated in Fig.
3�c� for m=2, though similar results were obtained for all
values of m. In addition, we find that p1 /q1�5 for all values
of m. The fact that a1

� increases five times faster than b1
� is

expected because b1
�2= �̂0

2 represents the response time of the
nanopores and, as such, should increase only weakly with

increasing L�. However, the five-to-one ratio might not be
expected to apply so universally to all values of m and N. In
�7� it was shown analytically for the special case of N=1 that
p1 /q1=5 for all values of m. So here, that observation is
extended to hierarchies of all order.

Specific values of pk and qk that apply for any values of m
and N can be deduced from the previously explained ratios
of porosities and response times between levels and the ob-
servation that p1=5q1. First, Eq. �14� is used to write the
following expression for the ratio �k�bk+1

� /bk
�:

�k =
bk+1

�

bk
� =

�̂kak
�m/2�k�k

�̂k−1ak−1
�m/2�k−1�k−1

= 	 2

m

1+m/2 �k

�k−1
	 bk

�

bk−1
� 
m/2

.

�22�

Here, we replaced the ak
� with bk

��k and then used the rela-

tionships �k /�k−1=2 /m and �̂k / �̂k−1=�2 /m from Eqs. �19�
and �21� to replace the ratios of �̂k and �k between levels.
Equation �22� yields the simple recursion relation �k+1
��k

m/2. Further, since L�=b1
���1�2 . . .�N−1�N� and since b1

�

�L�q1 according to the definition in Eq. �13�, it follows that

�1 � L��1−q1�/�
where � � �k=1

N
�m/2�k−1. �23�

Using Eq. �14� for k=1 and the identity �1=a1
� /b1

�, the pro-

portionality between time constants, ��̂0 / �̂1�2=2 /m, can be
rewritten as

a1
��1+m�/2 �

b2
�

b1
�1/2 =

b1
��1

b1
�1/2 = b1

�1/2L��1−q1�/�
. �24�

Now, by introducing the definitions made in Eq. �13�, a1
�

�L�p1 =L�5q1 and b1
��L�q1, we can use Eq. �24� to identify

the value of q1 and hence p1.

q1 = �1 +
�

2
�4 + 5m��−1

and p1 = 5q1. �25�

Further, since �k+1 /�k is independent of L, it must be that
pk+1− pk=qk+1−qk. We also have that L��qk+1−qk���k,
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�1�L��1−q1�/�
, and �k+1��k

m/2. These relationships can be
combined to yield the following recursion formula for the
exponents of higher order terms �k�1�.

qk+1 − qk = pk+1 − pk

=
�1 − q1�

�
	m

2

k−1

= q1	4 + 5m

2

	m

2

k−1

. �26�

Validity of the above analytical expressions for the expo-
nents pk and qk can be judged, in part at least, from the
numerical results shown in Fig. 3�c�. The ratio p1 /q1 is very
close to the expected value of five for small values of L� but
drifts gradually downward with increasing L�. Surprisingly,
the drift is about the same for all values of N. In contrast, the
numerically calculated ratios of p2 /q2 and p3 /q3 are ex-
tremely close to the values of 1.5 and 1.267 predicted from
Eqs. �25� and �26� for all values of L� and N.

It is perhaps somewhat curious that the ratios of pk /qk are
independent of N. This might not be anticipated from a cur-
sory inspection of Eqs. �25� and �26� since � depends upon
N. However, as apparent from the last equality in Eq. �26�,
all of the terms in the summations leading to pk and qk are
proportional to q1. Thus, the dependence of pk and qk on �
arises only through q1, and this common factor cancels out of
the ratios of pk /qk.

Ratios of exponents do depend upon m, as illustrated in
Fig. 4�a�. The values shown there were computed from Eqs.
�25� and �26�. They apply for all values of N. It is seen that
the ratios of pk /qk fall abruptly from a value of five for k
=1 to values around 1.5 for k=2. For larger k, there is a
gradual approach to an asymptotic value of �1.0 for m=2
and m=3 indicating that the exponents, pk and qk, are the
same. For m=3, the asymptotic value of pk /qk is approxi-
mately 1.4 for large values of k.

Values of pk and qk are shown in Fig. 4�b�. For the range
shown they are all less than unity. The exponents both in-

crease with k. The reason for this is relatively clear for qk
since q1 must be small to maintain a moderate value of the

time constant, �̂0
2=b1

�2, whereas qN+1=1 since bN+1
� =L�. In

concert with this, the exponents, pk, of the apertures must
apparently be comparable to accommodate the increased
flow that accompanies wider spacing. Both exponents de-
crease when N is larger because a greater number of levels
are available to span the gap in length scales between b1 and
L. Similarly, exponents are somewhat smaller when m is
larger because increases in channel aperture provide greater
benefit when m is larger. This has a greater influence on
apertures, and hence pk rather than qk.

The total number of channels in a hierarchy is dominated
by the number, n, of the smallest scale channels. This quan-
tity is also of interest as it corresponds to the number of
nodal points or end points in previously studied vascular or
treelike networks. It can be computed as the continued prod-
uct of the number of channels nk=bk+1

� /bk−1
� present in each

level of a latticelike network. Although n can be estimated
very accurately using values of �k=bk+1

� /bk
� derived earlier in

Eq. �23� and just above, it is perhaps more instructive to
pursue the more transparent approximation given below. The
rational for this approximation is explained in the text that
follows.

n = �
k=1

N
bk+1

�

bk−1
� =

LN
�

b0
� �

k=1

N−1
bk+1

�

bk
� �

L�

b0
�	L�

b1
�
�N−1�/N

� L��2N−1�/N.

�27�

To simplify the above product we began by factoring out the
ratio of the prescribed values of b0

� and bN+1
� =L�. The re-

maining ratios are then written in terms of the N−1 values of
bk+1

� /bk
�. Further, from inspection of Fig. 2�a� we see that

these ratios are typically distributed about evenly above and
below the mean value of �bk+1

� /bk
��mean��L� /b1

��1/N. Finally,
recall that b1

��L�q1 and that qk is relatively small to deduce
that the number of channels should increase as roughly the
�2N−1� /N power of L�. As seen in Fig. 4�c�, this estimate is
extremely good for m=2; it holds equally well for m=3 but
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not as well for m=1 due to larger variation in b1
� with L�; this

error is easily corrected by substitution values of q1 from Eq.
�25� into Eq. �27�. Note that the slopes on the logarithmic
plot in Fig. 4�c� increase from 1 to 2 as N increases from
unity to infinity.

C. Transport network efficiency and porosity

Figure 5�a� depicts the variation in optimal network effi-
ciency, �, with system size. To achieve � near unity, nano-
pore densities must closely track the imposed external den-
sity variation and the volume given to transport channels
must be small. Under these conditions all of the gas or elec-
tric charge that could possibly be stored within the total sys-
tem volume is delivered within the time, 1 /�, used in scaling
L�. In the absence of transport channels, ��0.9 for L�=1, as
indicated by the dotted line in Fig. 5�a� for N=0. At this
point the delivery is still 90% of the maximum possible, but
for L�
1 the available delivery or, equivalently, the trans-
port efficiency, �, falls off precipitously with increased size
or reduced discharge time. With the addition of transport
channels �for m=2 and N=2�, �
0.9 for L��106, expand-
ing the permissible system size by 106.

Additional hierarchical levels often provide added benefit,
as illustrated by the results in Fig. 5�a� for N=8. But mar-
ginal returns diminish with increasing N. Although not in-
cluded in Fig. 5�a�, the benefits of transport channels are
even greater for m=3. However, for m=1, the increase in
diffusivity with channel width is weaker. As a result, one or
two levels of transport channels can expand permissible sys-
tem sizes by only �102 for m=1, and additional hierarchical
levels are only slightly beneficial, if not detrimental, particu-
larly when L� is relatively small.

Network efficiency may actually decrease when addi-
tional levels of transport channels are added to a hierarchy.
This trend, illustrated by the crossing of lines in Fig. 5�a�,
can be better understood by consideration of the total poros-
ity devoted to transport channels, as this porosity reduces the
volume available for nanopore storage. As seen earlier in
Fig. 2�b�, the increase in transport channel porosity, �k, with

system size is the same for all k. Thus, the total transport
channel porosity is proportional to �1.

�tran � �1 =
a1

b1
� L��p1−q1� = L�4q1. �28�

According to Eq. �25�, q1=1 / �1+7N� for m=2, so the expo-
nents for � are calculated to be 4q1=0.5, 0.267, 0.138, and
0.07 for N=1, 2, 4, and 8, respectively. As apparent from a
careful inspection of Fig. 5�b�, these analytical estimates are
in excellent agreement with the numerical results indicated
by solid lines. It is also seen that when N is larger, the opti-
mal porosity increases more slowly with system size and, in
accordance with Fig. 5�a�, this translates into greater trans-
port efficiencies for large values of L�. However, large N
may not be beneficial on smaller domains.

Extraneous levels of transport channels may reduce net-
work efficiency because they consume excessive system vol-
ume without providing an offsetting reduction in density dif-
ferences, ��k

�. This is apparent in Fig. 5�b� where the
transport channel porosity of optimal systems increases with
N for small L� but has the opposite trend for large L� where
additional levels are actually needed. Furthermore, by com-
parison of Figs. 5�a� and 5�b� it is seen that crossovers in
porosity between hierarchical orders correspond well, though
not exactly, with crossovers in network efficiency. This ob-
servation suggests that the optimal hierarchy having the
smallest porosity is generally the most efficient. Thus, for
L��5 the highest efficiency is obtained with N=1. Similarly,
N=2 is preferred in the range 5�L��100, and so on, as
indicated by the heavy line connecting the crossover points
in Fig. 5�b�. The same procedure is used to produce the loci
of most efficient networks displayed in Fig. 5�c� for m=1, 2,
and 3.

D. Analytical solutions for small to moderate L�

Optimal channel dimensions for all levels of a hierarchy
can be computed analytically by combining the results given
here with previously derived solutions �7� for a hierarchy
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having only one level of transport channels �N=1�. In that
paper, a power series expansion for small L� yielded the
following expressions for a1

� and b1
� in terms of �̂0

=�0�0 /�1, a0
�, and L�:

a1
� � Ca�a0

�m�̂0LN=1
�2 �5/�6+5m� and

b1
� � Cb�a0

�m�̂0LN=1
�2 �1/�6+5m�. �29�

The constants in these expressions are �Ca ,Cb�
= �0.78,0.89�, �0.99, 1.04�, and �1.06, 1.11� for m=1, 2, and
3, respectively. Because of the recursive structure of the so-
lutions in Eqs. �5�–�8�, each level is dependent only upon
those below it. Thus, Eq. �29� still holds for N
1 except that
the length of the level-one transport channels, denoted LN=1

�

in Eq. �29�, must be replaced by b2
� when N
1, as apparent

in Fig. 1.
The equations given above for a1

� and b1
� can be related to

L� for the overall system and to the optimal values of the
other ak

� and bk
� using Eqs. �14�, �19�, and �21�. To this end

we begin by selecting a value of b2
�=LN=1

� and use this to
compute a1

� and b1
� from Eq. �29�. The ratio of these provides

�1=a1
� /b1

�, and the remaining �k are given by �k
= �2 /m��k−1 for k=2,N in accordance with Eq. �21�. We also

have from Eq. �6� that �̂0=b1
�, which is known, so the re-

maining �̂k can be computed recursively as �̂k= �̂k−1
�2 /m.

These values of �k and �̂k are then used to sequentially cal-
culate bk+1

� for k=2,N and ak+1
� for k=1, N−1 based on the

following rearrangement of Eq. �14� and the definition of �k.

bk+1
� � �̂k	ak

�

a0
�
m/2	�k�k

�0�0

1/2

and ak+1
� � �k+1bk+1

� .

�30�

Finally, note that recursive application of Eq. �30� has pro-
vided the value of L�=bN+1

� corresponding to our initial
choice of b2

�. This process can be very easily repeated for a
broad range of b2

� to map out values of the optimal param-
eters as an implicit function of L� for any choice of N.

In Fig. 6 the above analytical approximations �solid lines�
are seen to compare very favorably with numerical calcula-
tions �symbols� of optimum apertures for N=2. The upper
two lines indicate a1

� and a2
� for m=1 while the lower two

lines are for m=3. As expected for an asymptotic expansion,
the accuracy of the approximation begins to deteriorate with
increasing L�, as apparent in the uppermost line on Fig. 6.
The spacing of the numerical calculations for m=1 was in-
creased �closer symbols� when the optimal apertures ex-
ceeded the corresponding spacing, indicating a transport ef-
ficiency of less 50%, ���0.5�. Typically, the analytical
results are reasonably accurate up to this point, and there is
generally little need to go far beyond this into regions of
lower efficiency. Agreement between analytical and numeri-
cal results is equally good for calculations of the optimal
spacing, bk

�, and for alternative choices of m and N and the
other parameters. It is interesting to note that the slopes of all
the solid lines in Fig. 6 are correctly captured by the above
calculational procedure, even though there was no explicit
use of the exponents derived earlier.

E. Differing capacitance of nanopores and transport channels

In porous materials having multiple scales of porosity the
mechanism of energy storage may differ substantially be-
tween the smallest nanopores and the larger transport chan-
nels. For example, the close confinement of nanopores
causes condensation of gases at pressures far smaller than
nominal condensation pressures operative in pores that are
several times wider. Similarly, one or two molecular layers
of adsorbed gases or charged ions may account for most of
the capacitance in very small pores, while the same layers
would represent a negligible portion of the overall capaci-
tance in pores two or three orders larger. To account for these
alternative storage mechanism, the transport equations, Eqs.
�1� and �2�, include capacitance terms, �k, that may differ
among levels of the hierarchy.

To explore the influence of differing capacitance mecha-
nisms, results are presented in Fig. 7 for several values of the
ratio of nanopore capacitance to that of the transport chan-
nels, ��=�0 /�1. As in all preceding calculations, �k=1 for
k
0. For the example illustrated in Fig. 7�a�, the optimal
channel spacing, bk

�, increases with ��, but these variations
are less than twofold for a thousandfold increase in ��. Op-
timal apertures, a1

�, increase as roughly the cube root of ��,
while a2

� has a slightly weaker dependence. These increases
in aperture are necessary because the volumetric flow carried
by the transport channels is proportional to ��.

Fourier moduli, �̂k, representing square roots of response
times of the first two hierarchical levels are presented in Fig.
7�b� for m=1, 2, and 3. Except for a moderate increase in the

values of �̂k, nothing is substantially altered by a hundred-
fold increase in ��. The slopes and the spacing of the lines
appear to be essentially independent of ��, as one would
expect from the analysis presented in Eqs. �14�–�21�. As be-

fore, all of the �̂k are identical when m=2. Qualitatively,
little is changed so long as L� remains small enough that the
transport channel porosity is less than about 10–20 % such
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that network efficiency is greater than about 75% and, under
these conditions, the logarithmic plots in Figs. 7�a� and 7�b�
remain relatively linear.

The strongest influence of large nanopore capacitance,
���1, is that network efficiency, � begins to fall off at
smaller values of the normalized system scale, L�, as appar-
ent in Fig. 7�c�. Here, it appears that a hundredfold increase
in �� causes a reduction in permissible system sizes by a
factor of 10 to one hundred for N=1–4. These results for
m=1 are more severe than for larger values of m where
increases in aperture provide more benefit.

Aside from the considered cases where capacitance ratios
are prescribed, these ratios are sometimes a function of the
pore size such that �k /�o= �ak /a0��. For example, when sur-
face capacitance is dominant over multiple scales of a hier-
archy, �k is inversely proportional to channel aperture so that
�=−1. For nonzero �, the approximation made in Eq. �14�
we can rewritten as

�̂k
2 � �k

2	�0�0

�k�k

 �

bk+1
�2

4
	a0

ak

m�0

�k

�0

�k
=

bk+1
�2

4

�0

�k
	a0

ak

m+�

.

�31�

Thus, the power m+� plays the role of m and the equations
are essentially the same as before, provided that m+�
0. In
the special case where m+�=0, this parameter is no longer
influential, but there still exist optimum values of the porosi-
ties, �k=ak /bk, as discussed in �7� for N=1. In the unlikely
circumstance that m+��0, hierarchical networks would
provide no benefit because increasing channel sizes would
impede transport.

IV. SUMMARY AND CONCLUDING REMARKS

Analytical solutions describing periodic response of hier-
archical transport networks have been used to identify chan-
nel apertures and spacing yielding maximum extraction of
gas or electric charge stored within a permeable medium.
These optimal channel dimensions depend upon the size of

the system relative to the desired extraction duration. As a
consequence, no multiscale storage material can be ideally
suited for all applications. If slow extraction is acceptable,
optimal transport channels will be narrower and sparser,
leaving more of the system volume for high-density storage
within nanopores. Conversely, systems optimized for rapid
extraction will have wider more closely spaced transport
channels, less nanopore volume, and less storage capacity.

Optimal channel dimensions were found to increase in a
power-law fashion with scaled system size. Analytical ex-
pressions for the correspond growth-rate exponents were
found to depend only upon the exponent m relating the trans-
port diffusivity to channel aperture; surprisingly, they do not
depend on the number of levels, N, in the hierarchy. Analyti-
cal expressions for the optimal channel dimensions were de-
rived and were found to be reasonably accurate within the
range of greatest interest where transport efficiency is greater
than 50%.

Despite these variations in optimal channel dimensions
with scaled system size, key structural parameters do not
vary with scale, with level within a hierarchy, or with the
number of hierarchical levels. In particular, ratios of trans-
port channel porosity between levels depend only upon m.

�k+1

�k
�

ak+1/bk+1

ak/bk
=

ak+1/ak

bk+1/bk
=

2

m
. �32�

Thus, an optimal network will have a self-similar fractal-like
structure only for a quadratic dependence of effective diffu-
sivity on channel width �m=2�. For other values of m opti-
mal channel widths and spacing increase by different factors
between successive levels. Curiously, ratios of normalized
response times between hierarchical levels are also found to
depend upon this same factor.

�̂k+1
2

�̂k
2

�
�bk+2

2 /ak+1
m ���0/�k+1�

�bk
2/ak

m���0/�k�
=

2

m
. �33�

As a result, it is only for m=2 that all scales have the same
response time.
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Physically, optimal performance requires that all network
levels have comparable response times, �̂k

2, or equivalently, a
matching of dynamic impedance or a parity of density dif-
ferences ��k across scales. If any level responds much
slower than the others, channel widths in that level can be
increased at the expense of the other levels to obtain better
balance. For m=2, self-similar networks happen to provide
equality of response times. However, for m
2 self-similar
scaling would lead to relatively slow response at the smaller
scales, requiring allocation of more porosity to the smaller
scales, as apparent in Fig. 2�b�. The opposite trends apply for
m�2. Remarkably, the optimal balance always involves ad-

justments in porosity by a factor of 2 /m between scales and
leaves a disparity of 2 /m in response times of adjacent
scales.
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